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Theory and Experiment of a Rectangular
Slot on a Sphere

Kwok Wa Leung,Member, IEEE

Abstract—A rectangular slot on a spherical cavity is studied and the unknown current is solved using the moment method.
theoretically and experimentally. The Green’s functions interior To enhance the numerical computation, the modal Green’s
and exterior to the cavity are found rigorously using the mode-  ,tions are presented as a sum of particular and homogenous

matching method. An integral equation of magnetic current in . . .
the slot is formulated, which is solved using the moment method. solutions [11]. This allows a special treatment for the slowly

The singularity problem in admittance calculations is tackled and Cconvergent particular solutions. Although the homogeneous
the result is very computationally efficient. Both the slot and solutions themselves do not converge on the spherical bound-
cavity resonances are examined. Moreover, the natural and forced ary, it was found that their impedance integrals converge
resonances of the cavity are addressed. The effects of slot lengthyqry quickly by using only a small number of modal terms.
cavity size, excitation location, and cavity dielectric constant on For th ticul uti the techni £ 1147 | dt
the input impedance are discussed. Very good agreement between or ; € particular soiutions, e_ echnique of [ _] IS used 1o
theory and experiment is obtained. obtain a new result for a curvilinear slot. The integrals are
expressed in forms analogous to the Richmond form so that
they can be calculated in a straightforward manner. These
make calculations of the input impedance very easy and fast.
Two kinds of resonance are found for the structure and
. INTRODUCTION are examined in this paper: the slot and cavity resonance. In
N AZIMUTHAL or zonal slot cut on a conducting Particular, the natural and forced resonances of the cavity are
sphere has been studied extensively [1]-[6]. Howeveaddressed and discussed. The effects of slot length, cavity size,
only little attention was received for the rectangular slot. Sugxcitation location, and cavity dielectric constant on the input
a structure is inherently an interesting problem and can BBpedance are discussed. Measurements are done to check the
used as a gain standard [2]. Furthermore, the rectangutafculations, and very good agreement between theory and
slot offers a higher flexibility than the azimuthal slot inexperiment is obtained.
designing a spherical array, which can be used to avoid the
scanning problem of a planar array at low elevation. Thus 1. FORMULATION
far, studies of the rectgngular slot on a spherg have onlyThe geometry of the structure is shown in Fig. 1, where a
concentrated on the radiation pattern [2], scattering [7], [8; . . .
. . . . ) lot of length L and of width W is cut from a conducting
and mutual coupling [9]. Little or no information of the input . B . . . .
. : . . - %Rherlcal cavity filled with material of dielectric constafnt
impedance was found in the literature. In this paper, the inp i
. . .anld of wavenumbek, = ./z,.kg. The center of the slot lies
impedance of a rectangular slot cut on a conducting spherica ;
A . . . n the z-axis, and the slot subtends an angle fremp; to
cavity is studied theoretically and experimentally. Althoug . : .
. ) . . In the following formulation, the fields are assumed to
the slot is not cavity-backed, the extension of the prese . oot N
. : . T vary harmonically ase’«*, which is suppressed. Moreover,
theory to include the slot backing for practical applications 217 7 : .
. . . rér, 6,¢) and7'(+', 8, ¢") refer to the field and source points,
is straightforward. Like the planar case [10], the slot can t?es ectively. The suberscriots or subscriotand ¢ are used
excited by a microstrip feedline inside the sphere to admit & P y: P P 0

IR . o . . t0 denote the interior and exterior regions of the cavity,
monolithic-microwave integrated-circuit (MMIC) integration, . . L
. respectively. It is assumed that the cavity is surrounded by
and the present theory can be easily extended to analyze . -
and k. = ko. From the equivalence principle, the slot

the modified or other related structures. Moreover, the resu| ! : T
. - can be shorted and the exterior and interior fields are now

can be useful as a means of testing approximate theoretica . .

methods generated by the equivalent magnetic currevdts and —M g,

In this paper, the mode-matching method [11] is used espectively. The equwalgnt conﬁguratl,on is shown in F!g: 2.
. X . . or the ease of computation, the Green'’s functions are divided
derive the Green’s functions of the structure rigorously. An

) i X X |r’{to their particular and homogeneous parts. The former repre-
integral equation of the unknown magnetic current in the slg - . . )
ents radiation of a source in an unbounded medium, while the

is formulated by matching the boundary conditions [12], [13 atter accounts for the boundary discontinuity. Following the

procedure of [11], the interior and exterior Green’s functions
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Fig. 1. Geometry of a slot on a sphere. (a) Perspective view. (b) Top vieW.g-blz- The use of equivalence principle. (a) Original problem. (b) Equivalent
proble
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expected. In (2)—(4)F,.(z) is the Legendre polynomial of
degreen, and J,(z) and fI,(f)(a:) are the spherical Bessel
function of the first kind and spherical Hankel function of the
second kind, respectively. Both of them are of ordeand

of Schelkunoff type [15, p. 268]. All other symbols have the
usual meanings. It should be mentioned that as the particular
solutions are solved under the free-space condition, (2) is
common to both the interior and exterior regions, except that
each region has its own constitutive parameters. In (3) and
@), ar®, oM, gTE and 3IM are reflection coefficients at
the cavity boundary. It is interesting to note that when the
denominators of«™® and o™ are set to zero, we obtain the
characteristic equations for cavity resonances of TE and TM
modes, respectively. The eigenvalues of the equations have
been well studied elsewhere [15, pp. 269-271]. On the other
hand, putting the denominators 8f© and 3™ to zero gives

the characteristic equations for complex scattering resonances
of TE and TM modes, respectively. In deriving (2)—(4), the
double summations in the modal expansion have been reduced
to the single summations by using the addition theorem for
Legendre polynomials

n

23

—m)! ~——— = P"(cos §)P"(cos )

P, (cos&) = - n—i—m)

~cosm(¢—¢') (10)
whereém =1 for m>0 and2 for m = 0.

Let J = .J,6 be the excitation (electric) current density,
then we have

andr. . denote the wave impedances. Observe that the Green’s

. . . — —/ . .
functions G*:¢ are reciprocal inr and r , which is to be

HS — HE = J, (11)
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from which the following integral equation for the magnetic I1l. EFFICIENT COMPUTATION OF Y,5:¢

mn
current densityM,, is obtained: To calculate the admittance elementsc efficiently, we

o[~ — N e first divide Y,5:¢ into their particular and homogeneous parts
//G(T’ " )M¢(¢)ds as follows:
S
’ Yo =Yoo + Yo (21)

_//Gc (?,?/)[—M¢(¢’)] ds’' = J, (12)
So

where S, is the slot _surface. The delta gap source is Y, = %/// Fn ()G () dS' dS (22)
used to model the excitation current and, therefafg,=

—(Io/a)6(¢p— ¢o), wherely and¢o are the current amplitude
and¢ coordinate at the feed point, respectively. €f(¢) = and
My ()W be the magnetic current, then (12) becomes

where

So  So

e,c:__l".,m e,cn/ ' ds.
e (G v e (77 ey as Homit = 2 /S / /S / Tl @G Fal¢)) S A, (23)
So

Direct evaluation of the homogeneous pafS;;, is possible
- __105((/)_(/)0)_ (13) since the integrals of7}° converge in a small number of
a modal terms, and the truncated;;” are slowly varying
Using the moment method, the magnetic current is expandé@ctions. To solve the problems arising fra#°, we use the
in terms of unknown voltage coefficient,’s as follows: physical argument technique [11], [14] to replace the modal
form of G3° by a simple form that requires no summation.
We then use the concept of equivalent radius [14] so that
the magnetic currents now flow on a (curvilinear) cylindrical
surface instead of the curvilinear slot. It can then be shown

where f,.(¢)’s are piecewise sinusoidal (PWS) basis functiongat the admittance¥ <, are given by

N
Ko(d)=>_ Vafu($) (14)
n=1

given by
sin . (h — al¢ = ¢u) o
e\t — — Pn _ b1 b1
ful9) - T A R B I A
0, alp —¢n| = R —P1 Y =
i i 1 —Jnee 1 9% ] e kR
in which : {772 : ‘Zr {ke,c cos (¢ — ¢') o Wﬂ} = }
L P "
=1 (16) - fu(¢)a’ di' dep (24)
b = 1 <—_L n nh) (17) Where
a\ 2 W
Ty = (25)
andk, = /(e + 1)/2ko is the effective wavenumber of the 4
slot. Insertion of (14) into (13) yields and
N
1 ef— =/ of— = N R = /4a?sin’[(¢ — ¢)/2] + 3 (26)
Ly [[[e(7.7) (7 )]s as v
=T are the equivalent radius and approximate distance between

:_—16(¢—¢0) (18) the field and source points on the cylindrical surface,
a respectively. (The exact and more accurate expressions of

where I, has been set to unity for convenience. By using‘e distance are given in the Appendix). In (24), the term
the Galerkin's procedure, the following matrix equation i§—J7e.c/4m)[J(¢™/*<®/R) represents the Green’s function
obtained: of £, due to ag-directed electric point current in free space,
whereas the factor dft /»? .) is used to transform the electric
Yorn + Yonl [Vl = [fin(d0)] (19) quantities to magnetic ones. Observe from (26) tRag 0
and, thus, the singularity has been avoided. After simplification
and rearrangement, we obtain (27), shown at the bottom of the

Yee = __1/// F( )G fu(¢)) dS' dS. (20) foII_owir_1g page, which is ana!ogous to the Richmond form of a
w2 cylindrical dipole [16]. By using (27)Y.’<, can be calculated
o S in a straightforward manner. Of course, care has to be taken
After V,,’s are found, the input impedance is easily calculated performing the numerical integration aroupd= ¢’, where
from Zi, = XN_, V. fu(¢o). In Section 1Il, we will discuss a the integrand has a very sharp (but finite) amplitude due to

technique to calculat&’¢:c efficiently. the factor of1/R>.

mn

where
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Input Impedance (€)) TABLE |
MEASURED, CALCULATED, AND PREDICTED RESONANT FREQUENCIES
800 Theo (ZERO REACTANCE) OF THE SLOT FOR L = 8.6, 10.43, AND
[ Slot Expegment 12.46 cm. OrHER PARAMETERS ARE THE SAME IN FiG. 3
600 T
L j 1\ TMios TE Licm) | W(mm) | Measured (GHz) | Caleulated (Gl12) | crror (%) | f, = /(2L) (GHz)
m
400 T™zn | 8.60 24 1.60 1.63 1.88 1.74
\ ) ! 10.43 2.8 1.34 1.37 2.23 1.44
200 | g o | 1246 | 24 114 1.16 175 120
7 | e AN
o \ | 7S |
200 - [ ! ' brevity. The convergence check of the moment method was
i 7 L=8.6cm done, andV = 5 was used in the following calculations. To
-400 e L L obtain the converged impedance integrals of the homogeneous
0.5 ! L5 2 23 3 35 solutions, it was found that using about ten modal terms is
Frequency (GHz) sufficient for the first cavity resonanc&X¥l,,; mode) and
(@) 30 for the third resonancel'E;;; mode). In this paper, 30
Input Tmpedance () modal terms were used far= 6.25 cm and fewer terms for a
Sgo P smaller cavity. With reference to Fig. 3(a) and (b), very good
| Theory Second harm- agreement between theory and experiment is obtained. Several
600 Slot Experiment onic and TEm resonances are found which are labeled in the figures. Note
, / that the degeneratEM 111, TM2o1, TM221, andTE9; modes
400 TMio1 cannot be excited since the slot is bisected byathg plane.

200 |

0

The first resonance is due to the slot, whose resonant frequency
decreases with increasing slot length, as expected. Note that
the slot length affects the impedance of the slot very slightly,

as found in the planar case. Table | shows the measured and

-200 i L=1246 cm calculated resonant frequencies (zero reactance) of the slot for
-400 N ! ‘ L L = 8.60, 10.43, and12.46 cm. With reference to Table I, the
05 1 1.5 2 2.5 3 3.5 maximum error is 2.23%. For ease of comparison, the resonant
Frequency (GHz) frequencies predicted using the simple formgila= ¢/(2L)

(b)

are also shown in the table. As can be observed from Table I,

Fig. 3. Measured and calculated input impedance of the structure for difféh—e calculated value is always lower than the predicted value.

ent slot lengthsa = 6.25 cm, W = 2.4 mm,s, = 1,¢9 = 0. (&) L = 8.60

cm. (b) L = 12.46 cm.

IV. MEASURED AND CALCULATED RESULTS

To verify the theory, measurements were done using t%
image technique [17], [18]. Several hemispherical cavities a

Part of the reason is that the end effect of the slot, which
effectively increases the slot length and thus decreases the
resonant frequency, is not included in the simple formula.

For the cavity resonance, note that the fundamental mode is
heTM;o; mode, whereas it is th€E;; mode for a dielectric
Evity of e, & 10 [11], [14]. It should be mentioned that the

vity resonances at zero reactance are caused by the slot, i.e.,

radiusa = 6.25 cm wererr;abrlcated., whose edges were buttgfle, "are forced resonances. For the natural resonances, they
up against a 50« 50 cnv copper image plane. Conductingyecyr at the points where the input resistance is minimum
adhesive tapes were used at the cavity edge to increase[ifi§ [19]. This is because, at the natural resonances, the
conduction between the cavity and image plane. A coaxi@d|ds are distributed in a way that strongly resembles the

probe of radius 0.62 mm was used to excite the half-slgfysed cavity case. This forces the (tangentijield in the

of width W/2. The measurements were carried out using &fot to vanish, causing the input resistance to be so small.

HP8510C network analyzer, and the reference plane was $gble Il compares the calculated resonant frequencies of the

at the coaxial aperture using the port extension. The measufelural resonances (minimum resistance) with those predicted

input impedances were multiplied by two to obtain the inpuising the eigenvalues faE = 8.6 cm. From Table I, it is

impedance of the original configuration (a spherical cavigeen that the predicted, calculated, and measured values are

with a whole slot). in excellent agreement. The measured and calculated forced
The input impedance of the structure tbr= 8.60, 10.43, resonant frequencies fdt = 8.6 cm are given in Table llI,

and 12.46 cm were measured and calculated, but only thehere excellent agreement between theory and experiment is

results of L = 8.6 and 12.46 cm are shown in Fig. 3 for found (error <0.5%).

—jkec R

-1 @1 1 _jne’c . _
Y&, = — fm((f)) 47 kR>

|[R2(k2 B2 = ko R— 1) cos (¢ — ¢)
mnl> — 2
Me,e J—¢1 /=g

fa(@)a?dg’ dp (27)
—a?(k2 R? — 3jk, .R — 3)sin® (¢ — ¢')}
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TABLE 1l Input Impedance ()
MEASURED, CALCULATED, AND PREDICTED NATURAL RESONANT FREQUENCIES 2000
OF THE CAvITY FOR L = 8.6 cm. OrHER PARAMETERS ARE THE SAME IN FIG. 3 | Theory
Resonance Cavily f, (eigen value) (GHz) Cavity f, (min. resistance) (GHz) 1500 TMio1 Experiment
mode koa [ = clkoa)!(2ma) Calculated Measured error (%) Slot and TMa21
™M 2.744 2.10 2.10 2.10 0.0 1000 | A TE w1
TMan 3.870 2.96 296 2.96 0.0 500 -
TEu 4493 343 343 343 0.0 ) R R/ AN RN
-500
TABLE I L
MEASURED AND CALCULATED FORCED RESONANT FREQUENCIES OF THE -1000 : . ;
CaviTy FOR L = 8.6 cm. OrHER PARAMETERS ARE THE SAME IN FIG. 3 1.5 2 25 3 3.5
Resonance mode Measured (GHz) Calculated (GHz) error (%) Frequency (GHZ)
TMuo 2.15 2.16 0.47 Fig. 4. Measured and calculated input impedance of the structure:
TMa1, 3.00 301 033 L=445cm W =24 mm,a¢ =6.25cm,s, =1, ¢g = 0.
TEm, 3.45 3.45 0.00

Input Resistance ()
800

Refer back to Fig. 3. AsL increases, the resonant fre-
guency of the second-harmonic slot resonance decreases anghg
the influence of the harmonic upon the cavifiE,;;-mode
increases. (The first harmonic of the slot requires the magnetic
current or the slot voltage to be zero at the center of the
slot. Therefore, the first harmonic cannot be excited when the
slot is center fed.) This can be seen from the fact that.as 200
was increased from 8.6 to 10.43 cm, the minimUi;-
mode resistance increased from a rather small value of 3.1 to ¢
21.5 Q. The interference between the second harmonic and
the TE;;; mode is obvious al. = 12.46 cm [see Fig. 3(b)].

Using f,. = 1.5¢/L, the resonant frequency of the secondig. 5. Calculated input resistance of the structure dos= 4.0, 5.0, and
harmonic for L = 12.46 cm is about 3.61 GHz. Since the6-25 cm: L = 10.43 cm, W = 2.8 mm, &, =1, ¢o = 0.

actual resonant frequency is somewhat lower than this value

due to the end effect, it is evident that the second-harmoniQuput Impedance (QQ)

andTE;;;-mode resonances are very close to each other. Withggg
reference to Fig. 3(b), as expected, the second harmonic and
the cavityTE;;; mode interfere with each other very strongly. 400

The resonant frequency of the slot has been lower than that
of the TM;09; mode. It is interesting to see what happens when 200
the slot resonance has a higher frequency. For this purpose,
an experiment usingl = 4.45 cm was carried out. The ofF
estimated resonant frequency of the slot is about 3.3 GHz,

400 -

Frequency (GHz)

First harmonic
and TMa1u1 |

Slot [

TMiot

which is higher than that of th8M;y,; mode (2.1 GHz). -200 7 Theor
D ¢=159° y
The measured and calculated results are shown in Fig. 4, 0 ‘ Experiment
where good agreement between theory and experiment ist00 : 1‘ s ' é : s : é : -
observed. With reference to Fig. 4, th®1;q;-mode resonance ’ T F ] ' |
requency (GHz)

now has a very sharp impedance, exhibiting a very kigh-

characteristic. (The peak is too sharp to measure accuratefyg) 6. Measured and calculated input impedance of the structure for an

At this resonance, the cavity has a very poor radiation loss afi{tation offseto = 15.9%:L = 10.43 cm, W' = 2.8 mm, a = 6.25 cm,

acts rather like a closed cavity. This shows that the influence —

of the slot upon th&’M;o; mode is small. Instead, as shown in

Fig. 4, the slot now interacts strongly with the cavifpM,,; the cavity, the higher the resonant frequency results. Observe

mode. that the resonant frequency of the slot is only slightly altered
Fig. 5 shows the calculated input resistance dor= 4.0, by the cavity size. From the figure, it is seen that using a

5.0, and6.25 cm, with L = 10.43 cm andW = 2.8 mm. For smaller cavity leads to a smaller slot impedance. The results

clarity, only theTM;,; mode is shown for cavity resonanceare similar to those of the cavity-backed slot antenna [18].

With reference to the figure, the resonant frequency of theFig. 6 shows the measured and calculated input impedances

cavity is now significantly affected; as expected, the smalléor an excitation offset¢g = 15.9° with L = 10.43 cm
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and W = 2.8 mm. Good agreement between theory and
experiment is obtained. With reference to the figure, the first
harmonic of the slot, which has not been found previously for
¢o = 0, is now excited. The calculated resonant frequency of
the first harmonic (zero reactance) is 2.76 GHz, which agrees
excellently with the measured value. On the other hand, the
predicted resonant frequency usiffg = ¢/L is 2.88 GHz.

In view of the end effect of the slot and the coupling of
other resonances, the results are very consistent. The input
impedance fokyy = 32.8° was also measured and calculated,
and good agreement between theory and experiment was
obtained. From the results ofy = 0°, 15.9°, and 32.8°, it

was found that the input impedance at the fundamental slot @)

resonance decreased @g increased. This is because, at the

fundamental resonance, the slot voltage (magnetic current) is A

maximum at the center and decreases monotonically along the

slot. A similar trend is also observed for the caviliMio; g

mode. It was observed that & = 32.8°, the TM;0;-mode

reactance was shifted upward, significantly due to the influence e

of the strongly excited harmonic. B 2 Sl“[j)
The input impedances far. = 3 and6 with L = 10.43 cm,

W = 2.8 mm, a = 6.25 cm, and¢y = 0° were calculated. It ()

was found that, as expected, the higher the dielectric constdrit, 7. The approximate distanézof (26) and the angl&” in the Appendix.
the lower the resonant frequency and the higherGhector.

Moreover, the input impedance increased with @€actor,  The theory and techniques presented in this paper are useful

showing the characteristic of_a parallel-type resonance. TR oiher related problems. For example, based on the theory,
calculated resonant frequencies (zero reactance) of the structure with a backing cavity for the slot can be easily
were 0.94 and 0.70 GHz fer. = 3 and6, respectively, which analyzed.

agreed reasonably well with the predicted values of 1.0 and

0.77 GHz usingf, = ¢/(2L\/e:.), wheree,. = (1 +¢,)/2

is the effective dielectric constant of the slot. For the cavity APPENDIX

resonances, their resonant frequencies (minimum resistance)he exact expression of the distance between the field and
were predicted accurately using their eigenvalues. source points is, in spherical coordinates, given by

V. CONCLUSION Reyact = \/72 + 712 — 271 cos € (A1)

A slot on a spherical cavity has been studied. The rigorous
Green’s functions interior and exterior to the cavity hav@/herecos¢ has been defined in (5). Unfortunately, this expres-
been derived and the overall solution is very computationa@on is not suitable for mathematical simplification. Instead, an
efficient. The moment method has been used to find tRBProximate expression was used, which is given by [20]
unknown magnetic current in the slot. The techniques used -
in the planar slot have been modified and applied to the  pr _ \/4a2 sin? <</>—</> ) + 4rZsin? <E) (A2)
present curvilinear slot so that the problem of singularity in 2 2
admittance calculations has been avoided. From the magnetic
current, the input impedance of the structure has been foudiere ¥ is an angle illustrated in Fig. 7. Note that = 0
Measurements were done to verify the theory, and very gow#ien ¢ = ¢’ and ¥ = 0, which causes a singularity in
agreement between theory and experiment has been Obtaiﬁ&ﬂnittance calculations. To avoid the singularity, we have used

The slot and cavity resonances of the structure have bdbg following approximation in deriving (24):
found and discussed. For the cavity resonance, both the natural
and forced resonances have been addressed. The effects of the PN
slot length, cavity size, excitation offset, and cavity dielectric R 2r Jo R

constant on the input impedance have been studied. It has b\?/ﬁ'éreR has been defined in (26). Note that (A3) is analogous

found that when the slot length is small (or, equivalently, tht% the reduced kernel for a cylindrical dipole antenna [21].
cavity is large), a strong coupling between the slot and cavity

resonances occurs. For the excitation offset, it can be used to
change the impedance level. With the offset, the first harmonic
of the slot has been also excited. To decrease the operatinfhe author would like to thank K. Y. Chow and K. K.
frequency, the cavity can be filled with dielectric material, akse for their help in the measurement process. The valuable
the expense of smaller bandwidth and reduced radiation. comments from Prof. T. K. Sarkar is gratefully appreciated.

e—JkR 1 2w —jkR'

AT (A3)
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